Abstract. Despite the invertible setting, Anosov endomorphisms may have infinitely many unstable directions. Here we prove, under transitivity assumption, that an Anosov endomorphism on a closed manifold M, is either special (that is, every x ∈ M has only one unstable direction) or for a typical point in M there are infinitely many unstable directions. Other result of this work is the semi rigidity of the unstable Lyapunov exponent of a C 1+α codimension one Anosov endomorphism and C 1 close to a linear endomorphism of T n for (n ≥ 2). In the appendix we give a proof for ergodicity of C 1+α , α > 0, conservative Anosov endomorphism.
Introduction
In 1970s, the works [9] and [7] generalized the notion of Anosov diffeomorphism for non invertible maps, introducing the notion of Anosov endomorphism. We consider M a C ∞ closed manifold.
Definition 1.1. [9] Let f : M → M be a C 1 local diffeomorphism. We say that f is an Anosov endomorphism if there is constants C > 0 and λ > 1, such that, for every (x n ) n∈Z an f −orbit there is a splitting
which is preserved by D f and for all n > 0 we have
and for any i ∈ Z ||D f n (x i ) · v|| ≤ Cλ −n ||v||, for every v ∈ E s x i and for any i ∈ Z.
Anosov endomorphisms can be defined in an equivalent way ( [7] Sakai, in [12] proved that, in fact, the definitions 1.1 and 1.2 are equivalent. A contrast between Anosov diffeomorphisms and Anosov endomorphisms is the non-structural stability of the latter. Indeed, C 1 −close to any linear Anosov endomorphism A of Torus, Przytycki [9] constructed Anosov endomorphism which has infinitely many unstable direction for some orbit and consequently he showed that A is not structurally stable. However, it is curious to observe that the topological entropy is locally constant among Anosov endomorphisms. Indeed, take the lift of Anosov endomorphism to the inverse limit space (see preliminaries for the definition). At the level of inverse limit space, two nearby Anosov endomorphisms are conjugate ( [9] , [3] ) and lifting to inverse limit space does not change the entropy.
Two endomorphisms (permitting singularities)
• h wheref i are the lift of f i to the orbit space (see preliminaries).
Denote by p the natural projection p : M → M, where M is the universal covering. Note that an unstable direction E u f (y) projects on an unstable direction
Proposition 1.3. [7] f is an Anosov endomorphism of M, if and only if, the lift f : M → M is an Anosov diffeomorphism of M, the universal cover of M.
An advantage to work with the latter definition is that in M we can construct invariant foliations
Given an Anosov endomorphism andx = (x n ) n∈Z an f − orbit we denote by E u (x) the unstable bundle subspace of T x 0 (M) corresponding to the orbit (x n ) n∈Z . In [9] one constructs examples of Anosov endomorphism such that E u (x) E u (ỹ), when x 0 = y 0 , but (x n ) n (y n ) n . In fact, it is possible that x 0 ∈ M has uncountable unstable directions, see [9] . An Anosov endomorphism for which E u (x) just depends on x 0 (unique unstable direction for each point) is called special Anosov endomorphism. A linear Anosov endomorphism of torus is an example of special Anosov endomorphism.
A natural question is whether it is possible to find an example of (non special)Anosov endomorphism, such that every x ∈ M has a finite number of unstable directions. It is also interesting to understand the structure of points with infinitely many unstable directions. For transitive Anosov endomorphisms we prove the following dichotomy: (1) Either f is an special Anosov endomorphism, (2) Or there exists a residual subset R ⊂ M, such that for every x ∈ R, x has infinitely many unstable directions.
Observe that when M is the torus T n , n ≥ 2, all Anosov endomorphism of T n are transitive, see [1] . Analysing the unstable Lyapunov exponents of the Anosov endomorphism, similarly with [8] we can prove: Remark 1.6. To prove the Theorem 1.5, the neighbourhood U is can be chosen very small, such that every f ∈ U has its lift conjugated to A in R n . Then by this fact, we can consider a priori that also we have dimE u f = 1.
General Preliminaries Results.
In this section we present some classical results on the theory of Anosov endomorphism, that will be important for our purposes for the rest of this work.
2.1. The Limit Inverse Space. Consider (X, d) a compact metric space and f : X → X a continuous map, we define a new compact metric space called limit inverse space for f or natural extension of f, being:
In this text we denote X f by X. Also we go to denotex being an element (x n ) n∈Z of X. We introduce a metric d in X as following:
It is easy to see that (X,d) is a compact metric space. Consider π : X → X, the projection in the zero coordinate, that is, ifx = (x n ) n∈Z , then π(x) = x 0 . One can verify that π is continuous.
Definition 2.1. We denote a pre-history of x, a sequence of typex
Denote by X f − or X − , the space of the all pre-histories with x 0 ∈ X. The space ( X − , d) also is compact and the distance of two pre-histories of the same point
In the Anosov endomorphism context, E u (x) depends only onx − , and this is why many times in this work we deal only with pre histories. 
is continuous.
Considering the definitions 1.2 and 1.1 a natural question arises: What is the
(y)). Indeed, the latter is a countable union and the former may be uncountable (see [9] .)
Proof. First of all we would like to mention that E u f (x) is a closed subset of u−dimensional grassmanian of T x M. This is an immediate corollary of theorem 2.3. Clearly
We claim that given any finite pre-history (
By continuity argument (theorem [9] ) we have
and using 2.1 we obtain
which completes the proof.
The next lemma is useful for the rest of this paper. 
)), goes to zero when n → +∞. Let E :=< u 1 , v 1 , . . . , v n > with dim(E) = n + 1 be the subspace generated by B.
where c 0 and v ∈ E u 1 (x). Considering the following properties of vectors in stable and unstable bundles: In the course of the proof of the main result we need to analyse the number of unstable directions as a function of x ∈ M as follows: Let u : M → N ∪ {∞} be defined as u(x) := #(E u f (x)), which assigns to each x the"number" of all possible unstable directions at T x M.
A simple and useful remark is the following:
Lemma 3.1. u(x) is non-decreasing along the forward orbit of x.
Proof. It is enough to use that f is a local diffeomorphisms and D f (x) is injective. However, we emphasize that it is not clear whether u(x) is constant or not along the orbit. This is because, all the pre history of x is included in the prehistory of f (x).
Proposition 3.2. Let f : M → M be a transitive Anosov endomorphism, then either there is x ∈ M such that u(x) = ∞, or u is uniformly bounded on M, in fact in this case f is an special Anosov endomorphism.
Proof. Suppose that u(x) < ∞ for all x ∈ M. Define the sets Now we claim that M = Λ k 0 . To prove the claim, take x arbitrary in M with l unstable directions and V x a small neighbourhood of x such that any point in V x has at least l unstable direction. Consider a point with dense orbit in V x and take an iterate of it that belongs to Λ k 0 . By lemma 3.1 we conclude that l ≤ k 0 and this yields M = Λ k 0 .
Finally, we prove that M = Λ 1 implying that f is an special Anosov endomorphism. Suppose that, there is x ∈ M such that u(x) ≥ 2 and choose E Let x 0 be a point with dense orbit. Let n 1 be a large number satisfying
The choice of n 1 is possible thanks to denseness of the forward orbit of x 0 and lemma 2.6. By definition of U x the two above properties imply that either E
By repeating this argument, it is possible to obtain an infinite sequence
Ending the Proof of Theorem 1.4.
To finalize the proof of the theorem 1.4 it remains to prove that u(x) = ∞, for a residual set R ⊂ M, whenever f is not special Anosov endomorphism. In fact, suppose that there is x ∈ M, such that
which is a residual set. By construction, given x ∈ R we have u(x) ≥ k for every k > 1, which implies u(x) = +∞. The completes the proof of theorem 1.4.
Proof of Theorem 1.5.
Given f : T n → T n an Anosov endomorphism, by the proposition 1.3, the lift f : R n → R n is an Anosov diffeomorphism. Let f * : T n → T n be the linearisation of f . By linearisation of f we mean the unique linear endomorphism of torus and homotopic to f. By Theorem 8.1.1 in [1] , the linearisation map is hyperbolic.
Although R n is not compact, since f preserves Z n , the derivatives of f are periodic in fundamental compact domains of T n . This periodicity allows us to prove, in the R n setting, analogous results to Anosov diffeomorphisms in compact case. Proof. Similar to the compact case, [6] . The proof of this lemma follows directly from a proposition due to Brin, [4] .
Proof of the lemma. Consider U a C 1 −open set containing A, such that for every f ∈ U, f and A are C 1 close in the universal cover R n . The C 1 neighborhood U, is taken such that
for any x ∈ R n where α is an small number less than 1/2∠(E (1) For each k ∈ N and C > 1 there is M such that,
(2) lim
Proof. The proof is in the lines of [5] and we repeat for completeness. Let K be a fundamental domain of
where,
Since A is non-singular, if ||x − y|| → +∞, then ||A k x − A k y|| → +∞. So dividing both expressions by ||A k x − A k y|| and doing ||x − y|| → +∞ we obtain the proof of the first item.
For the second item, we just consider the case of E , we get
Finally, for large k we have: Since N is fixed, we can choose M > 0, such that
and the lemma is proved.
Remark 4.8. By Multiplicative Ergodic Theorem for endomorphisms ([10] ) the unstable Lyapunov exponent for a typical point is independent of unstable direction. We denote by λ u (x) = λ u (x) the unique unstable Lyapunov exponent of x in our context where dim(E u ) = 1. 
